A convex polytope in real Euclidean space is lattice-free if it intersects some lattice in space exactly in its vertex set. Lattice-free polytopes form a large and computationally hard class, and arise in many combinatorial and algorithmic contexts.
Introduction
A convex polytope in real Euclidean space IR d is lattice-free if it intersects some lattice in IR d exactly in its vertex set. Lattice-free polytopes form a large class of rational polytopes, and arise in many combinatorial and algorithmic contexts. In this article we study a ne and combinatorial properties of lattice-free polytopes. We give bounds, shared by all such polytopes, on some of their combinatorial and a ne invariants. We also study important subclasses of lattice-free polytopes, and examine the inclusion relations among these subclasses.
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Before describing the content of the article in more detail, we mention a few situations where lattice-free polytopes appear. A rst example is provided by 0; 1]-polytopes -those with all vertices having all coordinates f0;1g-valued. Such polytopes arise when polyhedral methods are applied to combinatorial optimization problems (see, e.g., 13 ] for more information on this subject). They also provide a link between convex polytopes and nite set systems, a recent example being the resolution of Borsuk's problem 17]. Another example is given by complexes of maximal lattice free bodies and test sets for integer programming 1]. With a nite set A = fa 0 ; ; a n g IR d is associated the collection (A) of all integer-free polytopes of the form convfx 2 ZZ d : a i x r i ; i = 0; ; ng; obtained as r 0 ; ; r n range over all real numbers. The points x 2 ZZ d for which f0;xg is contained in a polytope of (A), constitute a nite test set, which enables one to deduce global optimality from local optimality for each of the integer programs minfa 0 x : x 2 ZZ d ; a i x s i ; i = 1; ; ng; where s 1 ; ; s n are any real numbers. For details see 1] . A third example comes from lattice tilings of Euclidean space. A Delaunay polytope is a lattice-free polytope whose vertices lie on a sphere. Unlike the collection (A) above, whose polytopes may have intersecting interiors and is an extremely complex object, the collection of all Delaunay polytopes of a given lattice forms a tiling of Euclidean space since any two of its members intersect in a common face (see, e.g., 14] for more information).
Lattice-free polytopes are, computationally, hard objects. Given a polytope with vertices in a lattice, deciding whether it is lattice-free (which is essentially integer programming) is NPcomplete, though polynomial time solvable in xed dimension (see 28] ). Analogously, counting the number of lattice points contained in such a polytope is #P -complete, but polynomial time solvable when the dimension is xed, an algorithm having been found only very recently 3]. In fact, the decision and counting questions are hard even for simplices, and a good characterization of lattice-free simplices exists only for dimension at most three 26] .
In the next section we x some terminology and give an example of a classical lattice-free polytope -the Schl a i polytope -which will be of use throughout the article. Next, in Section 3 we consider the layer-number and diameter of lattice-free polytopes. The layer-number, an a ne invariant of a polytope, is the smallest number of layers formed by its vertices when ordered under a linear functional. We show (Theorem 3.7) that the layer number of a d-dimensional lattice-free polytope is O(d 2 ), and that, while it is known to be 1 in dimensions d 3, it can be larger in dimension 6 and higher. The exact growth rate remains unsettled. We proceed to prove (Theorem 3.10) that the (combinatorial) diameter of a d-dimensional lattice-free polytope is O(d In Section 4 we turn to discuss a ne properties of the class of lattice-free polytopes and two important subclasses of it: the class of Delaunay polytopes and the class of 0; 1]-polytopes (and more generally, 0; k]-polytopes for any xed k). We establish a few properties of such polytopes (Proposition 4.5 being of interest in its own right) which, together with a fundamental theorem of Voronoi 30] , yields Theorem 4.8. It asserts that for each dimension d there are nitely many a ne-types of Delaunay-polytopes and 0; 1]-polytopes, but (for d 3) in nitely many a netypes of lattice-free polytopes. In Section 5 we proceed to discuss the combinatorial-types of the class of lattice-free polytopes and its subclasses of Delaunay polytopes and 0; 1]-polytopes. Theorem 5.6 establishes the inclusion relations among these type-classes in each dimension. In particular, it follows from the theorem that these three classes pairwise di er in in nitely many combinatorial-types. One important ingredient in the proof is provided by the classi cation of three and four dimensional Delaunay polytopes in 9]. Another ingredient is a combinatorial invariant which we introduce -the width of a polytope (De nition 5.2), de ned to be the smallest layer-number over all possible embeddings of the polytope. Like for the layer-number, the rate of growth, as a function of the dimension, of the largest width of a lattice-free polytope, is an open and seemingly hard question.
Lattice-free polytopes
Here we brie y discuss some basics of lattices and polytopes, and give some de nitions and examples. As references for the geometry of lattices we Any ZZ-submodule of ZZ d is free (see e.g. 16, Chapter 2, Theorem 1.6]), and is moreover a lattice, since any ZZ-basis for it is also IR-linearly independent. Thus, more generally, any ZZ-submodule of any lattice is a lattice. In particular, the intersection L\ of a lattice IR n and an IR-linear subspace L IR n is a lattice. Thus, if P is a d-dimensional -polytope then there is an isomorphism of a ne spaces a (P ) ?! IR d which maps \ a (P ) bijectively onto ZZ d . In particular, P is mapped bijectively onto an integer polytope which is integer-free if and only if P is -free. 3 Layer-number and diameter of lattice-free polytopes Let lin(P ? P) denote the IR-linear span of P ? P = fx ? y : x; y 2 Pg, that is, the linear subspace parallel to the a ne hull of P. We use F P to denote that F is a face of P, possibly the empty face. For a polytope P IR n and a 2 IR n let F(P; a) = fx 2 P : ha;yi ha;xi for all y 2 Pg be the face of P in direction a, and let w(P; a) = jfha;vi : v 2 vert(P)gj ? 1 be the number of layers formed by the partition of the vertices of P according to their values under ha; i. De nition 3.1 The layer-number w(P) of a polytope P is de ned to be zero if dim(P ) = 0 and otherwise by w(P) = minfw(P; a) : a 2 lin(P ? P) n f0gg:
It is invariant under a ne equivalence.
Remark. A related, but di erent, notion of layer-number was considered in 10] in the context of ZZ-equivalence. It is, though, of little relevance to our study here, and will not be discussed.
In low dimensions, the following result of Scarf 27] about the layer-number is available. We now show that in higher dimensions the layer-number of a lattice-free polytope may exceed 1.
Let v(P) denote the number of vertices of a polytope P.
De nition 3.3 The index of a polytope P is the ratio i(P) = v(P) maxfv(F) : F < Pg of the number of vertices of P to the maximal number of vertices of proper face of P (it is in nite when P is 0-dimensional).
Proposition 3.4 If the layer-number of a polytope P satis es w(P) = 1, then there are two proper faces of P that partition the vertex set of P, and the index of P satis es i(P) 2.
Proof. Pick a 2 lin(P ? P) such that w(P; a) = w(P) = 1. Then each vertex of P is in exactly one of the two proper faces F(P; a) and F(P; ?a). One of these faces contains at least half the number of vertices of P, so the index of P is at most two. Proposition 3.5 The layer-number of the Schl a i polytope satis es w(P SCH ) = 2.
Proof. The vector e 1 ?e 2 lies in lin(P SCH ?P SCH ), so w(P SCH ) w(P SCH ; e 1 ?e 2 ) = 2: Now, it is known (see 4, Section 4]), and can be veri ed by direct computation, that all proper faces of P SCH are either simplices of dimension less than or equal to 5, or 5-dimensional cross-polytopes. Thus, the maximum number of vertices in a proper face of P SCH is 10, and so i(P SCH ) = and we are done. We now turn to the second statement. The claim about dimensions d 3 being provided by Proposition 3.2, it remains to construct lattice-free polytopes with layer-number exceeding 1 as claimed. First we show that the index of the product of two polytopes satis es i(P 1 P 2 ) = minfi(P 1 ); i(P 2 )g: Indeed, the faces of the product P 1 
Now, the Schl a i polytope is a 6-dimensional lattice-free polytope with i(P SCH ) > 2. By Observation 2.3 and the claim above, for any k 1 the k-fold product P k = P SCH P SCH of the Schl a i polytope is a 6k-dimensional lattice-free polytope of index i(P k ) = i(P SCH ) > 2. By Proposition 3.4, w(P k ) 2 and the statement is proved.
Let f(d) be the maximum value of w(P) over all d-dimensional lattice-free polytopes P. We now turn to discuss the diameter of lattice-free polytopes. Denote by d(u; v) the distance between two vertices u and v of P on its 1-skeleton, i.e. the smallest number of edges in a walk from u to v. The diameter of P is (P ) = maxfd(u; v) : u; v 2 vert(P)g:
The following result is from 21]. We include the proof for completeness. Proposition 3.9 Let P be a polytope of positive dimension. Then (P ) w(P) + maxf (F ) : F < Pg:
Proof. Pick a 2 lin(P ? P) satisfying w(P) = w(P; a), and let F 0 = F(P; ?a) and F 00 = F(P; a) be the two distinct proper faces of P in directions ?a and a, respectively. Pick two vertices u and v of P such that (P ) = d(u; v). There exists a (possibly empty) path on the 1-skeleton of P from u to some vertex u 0 2 F 0 , where the vertices along the path attain strictly decreasing values under ha; i. Similarly, there exists a strictly decreasing path from v to some v 0 2 F 0 , and strictly increasing paths from u and v to some vertices u 00 and v 00 in F 00 , 
w(P; a) + (F 0 ) w(P) + maxf (F ) : F < Pg: We now prove that the diameter of any lattice-free polytope is bounded by a low degree polynomial in its dimension. Proof. First note that any facet F of a polytope P has fewer facets than P since each facet of F is the intersection of F and another facet of P. We Applying this theorem with k = log(d), we obtain a polynomial bound on the diameter for a larger class of lattice polytopes. Corollary 3.13 There exists a constant c for which the following holds: the diameter of any d-dimensional lattice polytope P with no more than n facets and the property that no face of P of dimension larger than log(d) contains a lattice point in its relative interior, satis es (P ) nd + cd 3 : 8 
A ne-types of lattice-free polytopes
In this section we consider a ne-types of the class of lattice-free polytopes and its following two important subclasses: the class of Delaunay-polytopes, consisting of lattice-free polytopes which are embeddable on an empty sphere; and the class of 0; 1]-polytopes, consisting of latticefree polytopes which are embeddable on the unit cube. Our main concern is the determination of whether or not the number of a nely nonequivalent polytopes in each of the three classes is nite. By the a ne-type of a polytope we shall mean its equivalence class under a ne equivalence. We start with the class of Delaunay polytopes. By a d-ball in IR n we mean the intersection of a full dimensional closed ball with a d-dimensional a ne subspace of IR n . Given a lattice IR n , a d-ball in IR n is a -hole if it contains d + 1 a nely independent lattice points in its relative boundary (in its a ne hull), whereas its relative interior contains none. A Delaunay -polytope is the convex hull of the lattice points in some -hole. In particular, a Delaunay -polytope is -free. and B is a 6-ball, and it is easy to verify that the vertex set of P SCH lies on the relative boundary of B in A. It can be veri ed that, moreover, B \ E 8 = vert(P SCH ) (for more details see 7] ). Thus, the Schl a i polytope P SCH is a Delaunay polytope. We mention that Delaunay polytopes are closely related to Voronoi polytopes 30]: given a full dimensional lattice IR d , the -Voronoi polytope of x 2 is the set of all points in IR d the distance of which from x is no larger than from any other lattice point. The vertices of the -Voronoi polytope of x are precisely the centers of the full dimensional -holes that contain x. As is well known, Both the collection of all -Voronoi polytopes and the collection of all full dimensional Delaunay -polytopes form tilings of IR d . The niteness of the number of a nely nonequivalent Dalaunay polytopes was established by Voronoi 30 ]. An accessible proof can be found in 6]. Next, we consider the class of 0; 1]-polytopes, and more generally, the class of 0; k]-polytopes consisting of polytopes which are embeddable on a xed grid of size k. Here we loose no generality by assuming the lattice to be the integer lattice, and we let f0; ; kg n be the set of integer points in ZZ n all coordinates of which (with respect to the standard basis) are in f0;1; ; kg.
De nition 4.4 A 0; k]-polytope is one whose vertices lie in f0; ; kg n ZZ n for some n.
Of course, any rational polytope is homothetic to a 0; k]-polytope for some k, but for a xed k, the 0; k]-polytopes form a proper subclass. Note also that the layer-number of a 0; k]-polytope is at most k. Clearly, 0; 1]-polytopes are integer-free.
The Let a = (a 1 ; ; a n ) 2 IR n be a nonzero element in the orthogonal complement of lin(P ? P). Without loss of generality assume that a n 6 = 0, and consider the projection : IR n ?! IR n?1 : (x 1 ; ; x n ) 7 ! (x 1 ; ; x n?1 ): We now show that is injective on P. Since a n 6 = 0, we nd that x n ? y n = 0 as well, and so x = y. Thus, (P ) IR n?1 is a nely equivalent to P, and is clearly a 0; k]-polytope. By induction, (P ), and hence P, has an a nely equivalent full dimensional 0; k]-polytope in IR d , and we are done. Turning now to the class of all lattice-free polytopes, it is not too hard to determine all a ne types of lattice-free polytopes in each dimension d 2: for example, the a ne types that occur among 2-dimensional lattice-free polytopes are the triangle and the parallelogram Then S n is a set of points in general position and D(S n ) = n, and P n = conv(S n ) is a 3-dimensional integer-free polytope. Since D(S m ) 6 = D(S n ) for all 1 m < n, no nonsingular a ne transformation takes S m to S n , and so P m and P n are a nely nonequivalent. Now, de ne P d;n for all d 3 and n 1 recursively by putting P 3;n = P n and setting P d+1;n = conv(P d;n fe d+1 g) IR d+1 ; a pyramid over P d;n . By induction on d, we claim that all P d;n are integer-free and that P d;m and P d;n are a nely nonequivalent for all 1 m < n. Indeed, P d+1;n is integer-free since P d;n is; also, an a ne bijection of P d+1;m onto P d+1;n must take the face P d;m of P d+1;m bijectively onto the face P d;n of P d+1;n , which is impossible by induction. This completes the proof.
We collect Propositions 4.3, 4.6, and 4.7 in the following theorem. 5 Combinatorial-types of lattice-free polytopes
We turn now to discuss the combinatorial-types of the class of lattice-free polytopes and its subclasses of Delaunay polytopes and 0; 1]-polytopes. The combinatorial-type of a polytope P IR d is its equivalence class P] under isomorphism of face lattices (cf. 15]); equivalently, two polytopes Q and P are of the same combinatorial-type if and only if there exists a bijection : vert(P) ?! vert(Q) between their vertex sets such that conv(F ) is a face of P if and only if conv( (F )) is a face of Q for all F vert(P). If two polytopes are a nely equivalent then they are also of the same combinatorial-type. We will use ; , and P] to denote combinatorialtypes. An embedding of a combinatorial-type is any polytope P of that type P] = . In contrast with Proposition 4.7, the following statement holds for combinatorial-types of latticefree polytoes.
Proposition 5.1 For any d there are nitely many combinatorial-types of d-dimensional latticefree polytopes.
Proof. The statement follows from the following well known fact from 8]: the number of vertices of a d-dimensional lattice-free polytope can not exceed 2 d . Indeed, if a lattice-polytope P, which we may assume is full dimensional and integer (Proposition 2.5) has more vertices, then two of them agree in parity in each of their coordinates, so their midpoint is a non-vertex integer point in P. If Proposition 5.3 For any k 1, the k-fold product P k = P SCH P SCH of the Schl a i polytope satis es W(P k ) 2.
Proof. The index of P k satis es i(P k ) > 2 (see proof of Theorem 3.7). Let P be a polytope of the same combinatorial-type as P k achieving W(P k ) = W(P) = w(P). Since the index is a combinatorial invariant, P has index i(P) = i(P k ) > 2 as well, and so, by Proposition 3.4, we have w(P) 2. The claim follows.
In analogy to the discussion about the layer-number, let g(d) be the maximum value of W(P) over all d-dimensional lattice-free polytopes P. Note By a face of a combinatorial-type we mean any combinatorial-type of any face of any polytope having combinatorial-type . The product 1 2 of two combinatorial-types is the combinatorial-type of P 1 P 2 , where P i is any embedding of i (i = 1; 2). It is well de ned since, as mentioned before, the faces of P 1 P 2 are the products F 1 F 2 where F i is a face of P i (i = 1; 2), so P 1 P 2 ] depends only on P 1 ] and P 2 ]. A class C is closed under taking products if 1 2 is in C whenever 1 and 2 are, and is closed under taking faces if any face of 2 C is also in C. It is easy to see that, in analogy with Observation 2.3, the product of two Delaunay polytopes (respectively, 0; 1]-polytopes) is again a Delaunay polytope Proof.
(1). It is easily seen that in dimensions at most two all three classes consist of the following combinatorial-types: the point, the segment, the triangle, and the quadrangle. . Now conv(U) is an integer-free square in the hyperplane fx : x 3 = 0g and conv(V ) is an integer-free triangle in the hyperplane fx : x 3 = 1g, so P = conv(U V ) is an integer-free polytope, hence P] 2 F 3 . By Theorem 5.1 in 9], no 3-dimensional Delaunay polytope has 7 vertices as does P, so P] 6 2 D 3 . Now, P has a quadrangular facet conv(U) and a triangular facet conv(V ) which are disjoint. It is not hard to see that any 0; 1]-polytope in IR 3 with this property is a nely equivalent to Q = conv(U f(0;0;1);(1;0;1);(1;1;1)g): It is then easy to verify that Q has 3 quadrangular facets whereas P has only 2, so P and Q are not of the same combinatorial-type. Hence P] 6 
